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On the basis of the worked out modification of the continuum theory of ferronematics the Fredericksz 
transitions and orientational birefringence induced by magnetic and/or electric field are studied. A compari- 
son with the available experimental data is made. 

Keywords: Liquid-crystalline suspension, jinite anchoring, ferronematics, electric 
birefringence, magnetic birefringence 

PACS numbers: 61.30.Gd 75.50.Mm 82.70.Kj 

INTRODUCTION 

In the first part' of this paper we have in detail presented a modified approach to the 
continuum theory of ferronematics (FN), i.e., suspensions of fine magnetic particles in 
nematic liquid-crystalline carriers. The essential feature of this modification is an 
assumption that the anchoring energy of the nematic molecules on the particle surfaces 
is finite. Moreover, it turned out that for real thermotropic FN like those studied in 
Refs. [2, 3,4} the characteristic ratio 

where Wis the anisotropic part of the surface energy density for the particle-nematic 
interface, K is the orientational-elastic (Frank) modulus and R the reference size of the 
particle, is less than unity. Using w from Equation (1) as the expansion parameter, we 
have shown'*5 that for FN with homeotropic anchoring and o -= 1 the basic state is 
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124 S. V. BURY LOV 

the one where the average orientation n and magnetization M are mutually perpen- 
dicular. The expression for the free-energy density for FN with w < 1 and any type of 
boundary condition, derived in Ref. [ 11, reads 

F = 1/2 [K,(divn)’ + K,(n.curln)’ + K,(n x curln)’] - 1/2 x , ( ~ H ) ~  

Here X ,  is the anisotropic part of the diamagnetic susceptibility of nematic, H is the 
external field, M ,  is the saturation magnetization of the particle substance, d and u are 
the diameter of a rod-like particle and its volume, respectively,m is the unit vector of the 
FN magnetization direction defined as M = M,fm andfis the volume fraction of the 
particles. Coefficient A = 1 - 3 cos’ a characterizes the type of the boundary condition, 
where a is the easy-orientation angle of the nematic director n on the particle surface; 
for homeotropic anchoring A is positive and equals to unity. 

In the following we apply our model’ to the orientational behavior of FN with the 
homeotropic soft ( A  = 1, w < 1) anchoring and use the results to interpret the experi- 
mental data on real thermotropic FN reported in a series of While 
considering the FN layers, we take for granted that in the initial unperturbed state the 
sample (i) consists of a single liquid-crystalline domain and ( i i )  is subjected to 
a permanent bias field H , l n o  due to which is magnetized up to saturation with 
Mo = Msfmo along the direction of H,. The first of these assumptions is a usual 
idealization to avoid taking into account the liquid-crystalline defects of non-magnetic 
origin. The second one, as it is shown in Ref. [l], is necessary both in theory and 
experiment to remove the orientational degeneracy of the particle magnetic moments 
which occurs in the “easy-plane’’ structures where M ,  is perpendicular to no. In the 
above-used notations, as well as in below, the subscript 0 refers to the orientational 
variables describing the initial state of the sample which is supposed to be spatially 
uniform. 

1 MAGNETIC BIREFRINGENCE IN FERRONEMATICS 

1.1 Derivation of the formula for the optical phase lag 

In our recent paper6 we have given an example, how the presence of magnetic particles 
modifies the classical liquid-crystalline effect-the diamagnetic Fredericksz transi- 
tion-in FN. In below we address the phenomena of another type-the field- 
induced effects which are exclusively inherent to FN and are provoked by magnetic 
fields whose order of magnitude does not exceed 10 Oe. Apparently, in fields so weak, 
the diamagnetic term in Equation (2) is insignificant and thus may be omitted. 

Consider a magneto-optical effect in the orientational structure presented in 
Figure 1. Homeotropic FN cell is subjected to a constant external field having two 
components: H and H,, respectively, parallel and normal to the unperturbed director 
no. According to the proposed in Ref. [l] concept of magnetization of FN with soft 
anchoring, we assume that small bias field H ,  - 1 Oe is imposed and fixed once and 
forever, while the value of H might change arbitrarily. In the initial state, that is at 
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REAL FERRONEMATICS IN EXTERNAL FIELDS 125 

' 'Lfio 
I l l  r 

t 
FIGURE f A flat layer of a ferronematic in the external magnetic field H ,  = H + H,; in the right-hand part 
the choice of the coordinate axes and reference angles is shown. The electric field E is present only for the 
case considered in Sec. 3. 

H = 0, the ferromagnetic admixture is homogeneously distribute$ over the cell volume 
and the sample is uniformly magnetized up to saturation M ,  = M ,  fin the direction of Hb. 

Distortions induced by the field H + Hb are characterized by two orientational 
distributions 

n = (-sin cp (z), 0, cos cp (z)), rn = (cos $ (z), 0, sin + (z)); (3) 

the choice of the angles and coordinate axes is shown in the right-hand side of Figure 1. 
This texture is birefringent for any light beam propagating along the z-axis. The optical 
phase lag between the extraordinary (refraction index n,) and ordinary (no) rays is given 
by formula 

where ;Ilight is the wavelength of the light in an empty space, D is the cell thickness and 
n = n (z) is the effective refraction index defined as 

n-' (z) = n o - 2 ~ ~ ~ 2 c p ( ~ )  + ne-Zsin2cp(z). 

Let us derive a set of equations describing the equilibrium state of FN at given H 
and evaluate the dependence 6(H).  The expression for the free-energy functional 9 is 
obtained by integration of Equation (2) across the cell, with Equation (3) substituted 
therein. This yields 
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126 S. V. BURYLOV 

Here we have introduced a dimensionless parameter p = ( K ,  - K,)/K,, and use the 
prime to denote differentiation with respect to z. As it is apparent, % depends upon 
three functions: angular distributions ~ ( z )  and $(z) and concentrationf(z); the sought 
for equilibrium equations are delivered by corresponding variations of %. The first of 
them (dF/dcp = 0) yields 

cp”(1 +psin’cp)+ cp‘2psincpcoscp +(fW/K,d)sin2($ -cp)=O. (6) 

The second ( S S / S $  = 0) has the meaning of the bonding equation-see [l ,  Sec. 
6I-and assumes the form 

M,(H,sin$ -Hcos$) +(W/d)sin2($ -cp)=O. (7) 

The third one (SF/Sf = 0) accounts for the seggregation effect-see [l,  Sec. 61, and 
reads 

where 

pbcos$ + p i n $  - osin2($ - cp) ; 1 
and the scaled by temperature dimensionless parameters are 

As the first step to solve the set (6)-(8), we multiply Equation (6) by cp’, Equation (7) by 
f$’ and subtract the latter from the former simultaneously substitutingf from Equa- 
tion (8). In result we arrive at the integro-differential equation 

K,cp‘ cp”(1 +psin2cp) +pcp”sincpcoscp +(jQW/d)b($,cp)($’- cp’) 

(9) 
[ 1 

-sin2(tl/ - cp) + ~ , j ~ $ ‘ ~ ( t l / , c p )  (~cos t l /  - Hbsin$) = 0. 

Together with the bonding equation (7) it determines, albeit implicitly, the orienta- 
tional distributions q(z) and $(z). 

As it has been explained in Ref. [6] ,  for sufficiently thick layers the difference between 
soft and rigid anchoring of nematic at the cell wall is irrelevant, and we may as well 
impose rigid boundary conditions on cp. It is natural to anticipate that in the middle 
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REAL FERRONEMATICS IN EXTERNAL FIELDS 121 

plane of the layer the angular deviations are maximum. So, for the orientational profile 
we set 

cp( * 0/2) = 0, cp'(0) = 0. (10) 

For Equation (9) the first integral is available. With the aid of the second of the 
conditions (10) it may be written as 

Here the angles cpm EE cp(0) and $, = $(O), connected by Equation (7), describe the 
angular positions of the director and the magnetization vectors in the middle plane of 
the cell. The length parameter A = (K3u/27k, T)'/' determines the distance by which 
the orienting influence of the wall penetrates into a semi-infinite FN sample in 
a sufficiently strong magnetic fieid.778 

Resolving Equation (1 1) for dz, one finds 

here the signs f refer to the upper and lower half-spaces, respectively-see Figure 1.  
Integration of Equation (12) at z > 0 with allowance for Equations (10) yields 

(D - 2 ~ ) / 1 =  2 ~ -  "'Z(cp), (13) 
where 

(1 +psin2t)'lZ [g($,,cp,)-b($(t),t]-'"dt. 

In the plane z = 0, where cp = (p,, Equation (13) transforms into equality 

D/I = 2Q-'/2Z(cp,), 

that enables to eliminate the coefficient Q and rearrange Equation (13) as 

The last relation and the bonding equation (7) that could be rewritten in the form 

p,sin$ - pcos$ + osin2($ - cp) = 0, (16) 

make a closed subset determining the orientational dependences cp(z) and $(z )  at given 
cp,. Using Equation (12) to change the variables in Equation (8), we find 
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where 

S .  V. BURYLOV 

Substitution of Equation (17) into Equation (14) gives 

that completes the full set of equations comprising now Equations (15)-(18). 

with the aid of Equation (12) and Equation (15), thus arriving at  the formula 
To evaluate the experimentally observed function 6(H) ,  we transform Equation (4) 

determining the phase lag between the ordinary and extraordinary rays in a deformed 
by field H texture of FN. 

1.2 Interpretation of the experiment 

The results of numerical evaluation of the theoretical dependence 6' lZ(H)  given by 
Equation (19) for a number of cell thicknesses and particle concentrations are presented 
in Figures 2 and 3. Various dots are the experimental data reported in Ref. [2] for the 
birefringence of flat F N  cells. These observations were performed at  room temperature, 
the initial orientation pattern corresponded to that sketched in Figure 1. The carrier of 
FN was made of the well-known liquid crystal MBBA, whose elastic moduli are 
K ,  FZ 5.10-7 dyn and K ,  z 8.10-7 dyn according to Ref. [9]. The wavelength of the 
laser light beam was Alight = 6.328.10- cm; for the refraction indices of MBBA , after," 
we set no x 1.5 and n, x 1.7. The role of Hb in Ref. [2] was played by the terrestrial 
magnetic field; its strength in our calculations we have set to 0.6 Oe. For the given 
particle size: length L z  5*10-' cm and diameter d z 7.10-6 cm, this bias field yields 
p b  = 10. For the amplitude W of the anisotropic part of the anchoring energy (the 
particles were coated with the DMOAP surfactant-see Ref. [2]) we took 5.10-' 
d y n/cm. 

The most difficult item in the undertaken experiment interpretation is to estimate 
the particle concentration. Indeed, while F N  preparation there occurs a partial 
coagulation of the magnetic grains, i.e., formation of large multi-particle aggregates. 
Since such objects have a closed configuration of constituting magnetic moments, their 
net moment is next to zero. Due to that the aggregates become insensitive to the action 
of weak external fields thus passing away for the considered birefringence effect. In 
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REAL FERRONEMATICS IN EXTERNAL FIELDS 129 

FIGURE 2 Field-strength dependences of the optical phase lag for different thicknesses D of the FN cell. 
The assumed initial concentration of singledomain ferroparticlesf= 1.12.10- 6 ;  the given in Ref. [2,3] total 
one evaluated by weight measurement is f= 2.98.10-6; the lines-theory, the dots-experimental data by 
Ref. [2]; D = 123 pm (curve I and black circles), 152 pm (2 and empty circles), 189 pm (3 a_d squares), 354pm 
(4 and crosses). The dashed line (cf. curve 3) is the theoretical curve for D = 189 pm a t f=  2.0.W6. 

result, the volume fraction of the particles, which really impart strong magneto-optical 
response to FN, should reduce substantially in comparison with the total solid phase 
content of the suspension. 

Let us show how a reasonable estimation for the true concentration of single- 
domain particles might be found from the experimental data plotted in Figures 2, 3. 
Consider the response of the liquid-crystalline suspension in an extremely weak 
magnetic field H < H,, i.e. p < p b  < 0. In this case Equation (16) allows to treat the local 
bonding of the orientational distributions n ( z )  and m(z)  as rigid: +(z )  = cp (z) ,  i.e., 
n I m-see Figure 1. Solving the properly simplified Equations (1 5 )  and (18), one finds 
that at p q ,  4 1 function cp(7) acquires a parabolic profile 

cp(z) = (M,THD2/8K, )  [l - 4z2/D2]. 

Substituting this into the integral (19), for the phase lag in the p cp, << 1 range, one gets 

s”’(H) = [nD5(n ,  - n,)/60&shr (MsTH/K3). 
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130 S. V. BURYLOV 

20 4 0  
FIGURE 3 Field-strength dependence of the optical phase lag for different concentrations of single- 
domain ferroparticles at  D = 354 pm &urves 1, 3, 4 )  and D = 337 pm (curve 2). The lines-theory, the 
dots-experimental data by Ref. [2];f=fm = 7.  lo-’ (1 and black circles), 2 f m  (2 and empty circles), 4 f, (3 and 
squares), 167, (4  and crosses). The dashed line (cf. curve I )  is the theoretical curve forf= 5.  lo-’. 

I - - - - - - - -  e X 

FIGURE 4 Initial textures of the FN cells with planar (a and b) and homeotropic (c) anchoring, where the 
dielectric Fredericksz transition takes place. 
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REAL FERRONEMATICS IN EXTERNAL FIELDS 131 

This expression proves that in weak fields function d”’ is linear in the field-strength 
and its initial slope is directly proportional to the sought for magnetic admixture 
concentration 7 not yet spoiled by the seggregation effect. In our interpretation we 
deduce the true value 7 applying formula (20) to the initial regions of the experimental 
curves. The reference (lowest) concentration T,,, by which the volume fraction 7 is 
scaled in Figures 2, 3, has been evaluated from the line 2 in Figure 3; the result is 
ym = 7 ~ 1 0 ~ ~ .  Further on, this very value, being about 40% of the total solid phase 
amount 1.86.10- reported in Ref. [2], had been used in the fitting procedures for all the 
other theoretical curves (solid lines) plotted in Figures 2,3. We dare to speculate that 
for two particular experiments, corresponding to curve 3 of Figure 2 and curve 1 of 
Figure 3, the normalizing factor T,,, has somehow deviated considerably from the 
cited Tm value. This assumption is confirmed by the results of re-calculation (dashed 
lines in Figures 2,3) with the changed values off 

In their general features, the obtained theoretical dependences based on Equation 
(19) agree with the experimental data. In weak fields the dots reasonably comply with 
the linear function (20). Further growth of the birefringence d’lz(H) is more slow in 
comparison with the linear law, and in the H - 20-40 Oe range both theoretical and 
experimental graphs show the optical saturation of FN. The observed oscillations of 
dl/’(H) in some curves are most probably, as it has already been mentioned in Ref. [2], 
caused by the coagulation of ferroparticles. Apparently, in a dilute system coagulation 
of ferroparticles is the direct result of the seggregation effect. The latter provokes the 
re-distribution of the particles even in rather weak fields. In particular, at p cp, << 1 from 
Equations (8) and (7) it follows 

f(z) = j  [ 1 + p z D z  (1 - 1 2 ~ ~ / D ~ ) / 4 8 L ~ ] ,  

that means that the particles, minimizing their orientational energy, accumulate in the 
middle of the cell. The numerical calculations show that with H growing, the stratifica- 
tion of the magnetic admixture intensifies. At certain critical concentration the 
magnetic dipole-dipole interaction should lead to the abrupt local coagulation. 
Because of that, the fraction of isolated (single) particles reduces, and the observed 
birefringence falls down. However, the external field continues to grow, increasing the 
alignment and, hence, birefringence of the remained particles. Simultaneoulsy, seggre- 
gation pumps up new portions of particles into the middle of the cell. Due to that in this 
region the concentration grows anew until it once more achieves the critical value. 
Assuming such a sequence of coagulation cycles one gets a reasonable qualitative 
explanation of the observed oscillations of the optical response (see squares and crosses 
in Figs. 2,3). 

2 ELECTRIC FREDERICKSZ TRANSITION IN A FERRONEMATIC 

2.1 The transition thresholds 

Here we study the effect of the bias magnetic field upon the electric Fredericksz 
transition in a ferronematic. It is worth to remind that actually it is just this electric 
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132 S. V. BURY LOV 

instability that is employed in the majority of the liquid-crystalline devices destined for 
image processing. 

Consider the uniform FN textures presented in Figure 4. We assume that inside the 
cell there exists a constant bias field H , I  no providing saturated uniform magnetiz- 
ation in the initial state. To take into account the dielectric properties of the liquid- 
crystalline matrix, one should include into the free-energy density expression (2) the 
term 

Felectr = - "(nE), .  
8n 

Bearing in mind a MBBA-based ferronematic, we assume that the dielectric permeabil- 
ity anisotropy E ,  is negative. Then it is natural to expect that the instability of the 
uniform texture would be provoked by an electric field Elin,. Let us find the 
Fredericksz transition threshold for the cell with the configuration of Figure 4a. While 
performing the calculation, we will retain in F the diamagnetic contribution caused by 
the bias field. 

Choosing the orientational perturbation of n and m in the form 

where n,,, n,, m,, my, and 6 f/Tare small comparing to unity, with the accuracy up to the 
second power in small quantities one finds for the free energy functional 

6 9  = loDdz[Kl(2)'  + K ,  (2)' + d ( m ,  2 f W  + nZ)' 
2 

+ M,fH,mZ - x, H i  nf + y, E2 nf + nf . ( )I 
Here we have omitted the insignificant terms connected with my and 6l; and introduced 
the notation y, = ~ , / 4 n .  Evaluating, as in Ref. [ 6 ] ,  the line of the steepest descent to the 
stability threshold by condition (6/6rn,) 6 9 = 0, we arrive at the relation 

m, = --nZ(l + MSHd/2W)-', (25) 

and use it to eliminate rn, from Equation (24). With allowance for the rigid anchoring 
conditions n (0) = n (D) = no on the cell walls, the Fourier transformations 

m nkz m 

ny = c sin (T), n, = vk sin ($) 
k = l  k = l  
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REAL FERRONEMATICS IN EXTERNAL FIELDS 133 

reduce 6 F  to the diagonal form. Integration across the cell yields 

where function G(H,) is defined by formula 

determining the Fredericksz transition threshold fi, in FN; here H ,  = (z/D) (K,/x,)’/~ is 
the critical field value in a pure nematic. The solution is easy, because at H N 10’ Oe 
there exists the small parameter W/M,Hd  << 1; in the first order in it, Equation (27) 
transforms into 

The calculations for the textures in Figures 4 b,c give the same result save that for the 
pattern b moduli K ,  and K ,  in Equation (26) should interchange their places, and for 
the pattern c, where the instability is induced by the bend mode, only K,, instead of K ,  
and K,, enters the expression for 9. 

In the latter case the stability analysis is he most simple one. Indeed, for the critical 
electric field form Equation (26) at Ki = K 3  we find the set of equalities 

where 

A = GZ (H,) - H ; .  

It is apparent, that the observed value f?, of the threshold corresponds to the smaller 
right-hand side of Equation (29). That means that we should find out the sign of 
function A(Hb). Using Equation (28), it is easy to show that for H ,  < G = ( 2  7 W/x, d)’/’ 
this quantity is positive, i.e., the bias field stabilizes FN against the perturbations of n,. 
In this case the Fredericksz transition threshold remains the same as in a pure nematic 
c91: 

In the fields G < H, < Rc the diminution of the critical electric field, accounting for the 
growth of the destabilizing influence of the magnetic field H ,  on the liquid-crystalline 
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134 S. V. BURYLOV 

matrix, takes place-see the results of Ref. [ 6 ] .  Then the dependence E,(H,) is given by 
the lower line of formula (29). 

Now we return to consideration of the electric Fredericksz transition in the texture of 
Figure 4a. In this case the expressions for the critical field-strength read 

and for a liquid crystal like MBBA or PAA one may set K ,  % 2Kz.9 Deducing the 
condition under which the bias field diminishes the threshold of the transition in the 
electric field, we get 

which with allowance for Equation (28) transforms into 

For the texture of Figure 4b, where the critical field is determined similarly to 
Equation (30), save the replacement K ,  -KZ, the calculation shows that inside the 
whole available magnetic field range the Fredericksz transition threshold is given by 
expression 

I 1 7 1 2 ~ z + ~ a ~ ~ 2  
E ‘ D  =-( Ira1 

2.2 Texture of a ferronematic above the threshold. Comparison with 
the experiment 

The results of observation of the Fredericksz effect in thermotropic FN are reported in 
Ref. [3]. The studied textures corresponded to the one of Figure 4c; the suspension was 
magnetized by the terrestrial magnetic field. The critical electric potential difference 
t, = EC D between the cell walls was determined optically by the onset of birefringence 
for the light beam directed along the z-axis. The dependence 6 (t) rendering the phase 
lag - between the ordinary and extraordinary rays in the above-threshold range, i.e., for 
V = E D  > t,, has been measured. Let us calculate 6 (F) on the basis of the given theory, 
and compare it with the experimental data of Ref. [3]. 

As it follows from the results of Sec. 2.1, in the configuration of Figure 4c at H ,  - 1 
Oe < G the critical field-strength EC coincides (see Eqs. (29)) with that of a pure nematic. 
Apparently, in the electric field E > g, = E,  the minimum of the free-energy of the 
deformed FN corresponds to the state where the local director n lies in the yOz plane. 
At such a distortion the magnetic particles retain the initial orientation along Hb and 
remain normal to n all over the bulk of the cell. Due to that, the considered deformation 
of n does not invoke the change of the particle orientation energy. The equilibrium 
director distributions above the Fredericksz transition are exactly the same in pure 
nematic and in FN. 
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REAL FERRONEMATICS IN EXTERNAL FIELDS 135 

In the single-constant approximation K ,  = K ,  = K ,  = K the function cp(z) render- 
ing the angular deviations n(z) from the direction of the initial orientation no for 
0 < z < D / 2  is defined (see Ref. [9]) by equation 

Here 

sin 3 = sin cp/sin cpm, 

Select,. = (4nK,E2/le,l)’iz is the electric coherence length, F (@, k“) is the incomplete 
elliptic integral of the first kind and cp, = cp (D/2 ) .  Using relationship ( 3  1) to change the 
variable in the integral (4), we arrive at the formula 

x (sin’ 9, - sin’ t ) -  ’/’ dt ,  (32 )  

which yields the value of birefringence at given electric field-strength E or 
voltage i? 

In Figure 5 are presented the theoretical and experimental dependences 6 (t) 
corresponding to two Fredericksz transitions-in a pure nematic and in FN. As the 
experiments have shown, in thermotropic suspensions 8, is smaller than the corre- 

FIGURE 5 Electric voltage dependence of birefringence above the threshold of the dielectric Fredericksz 
transition for a pure nematic (curve 1 ,  D =222pm, K ,  =6.7410-’dyn) and MBBA-based ferronematic 
(curve 2, D = 240pm, K3 = 6.37.10-7dyn). The lines-calculations by Equation (32), the dots-experimental 
data by Ref. [3,4]. 
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136 S. V. BURYLOV 

sponding value E, in undoped nematics. This effect could be accounted for the existence 
of large aggregates comprising a great number of particles. Around such objects the 
macroscopic director distortions must have been formed which serve as the pre- 
existing nuclei of the orientationally-deformed state thus favoring the diminution of the 
transition threshold. In Ref. [3] on the basis of the obtained critical field EC the effective 
value of K ,  has been deduced as = DlealE:f/4n3. At E, = -0.5 the found value had 
turned out to be I?, = 6.37.10-7 dyn, that is approximately 5% lower than the elasticity 
modulus K ,  = 6.74.10-7 dyn for pure MBBA. The carried out calculations of S(v) 
curves for the corresponding Frank constants are in good agreement with the observed 
data both for undoped MBBA and FN. 

3 BIREFRINGENCE OF A PLANE FERRONEMATIC CELL IN THE 
CROSSED MAGNETIC AND ELECTRIC FIELDS 

3.1 The set of equilibrium equations 

Now, having accumulated all the necessary background, we proceed to the theoretical 
description of the experiments of Refs. [3,4] on the birefringence of FN subjected to 
a combination of electric and magnetic fields. The geometry of the cell resembles that of 
Figure 1 save that now the electric field is imposed along the z-axis. In the initial state 
FN is a single liquid-crystalline domain (no = const), all over which the magnetization 
Mo = M,Tis perpendicular to the director. The external magnetic field H, inducing the 
particle rotation and, hence, the rearrangement of the orientational texture, creates in 
the sample a certain preliminary distortion-see Sec. 1. The electric field E = (0, 0, E), 
that acts explicitly on the liquid-crystalline matrix, enhances this distortion tending to 
rotate the director perpendicular to its initial alignment. In the  paper^^^^ a family of the 
experimental dependences S(P) for the magnetic field range 1-5 Oe had been meas- 
ured. 

Note that in the presence of the magnetic field H I M ,  the equilibrium state of the 
deformed texture corresponds to the perturbations of n and m lying in the plane 
xOz-see Figure 1. From the bonding conditions (Sec. 6 of Ref. [l]) it follows, that 
vectors n, m and H p  should be coplanar; here H, = Hb + H i s  the resulting magnetic 
field whose direction is tilted relatively to the vertical axis z. 

Writing down the orientational distributions n(z) and m(z) in the form (3), we 
substitute them into Equation (5) extended by adding the electrical term (22). The 
obtained free-energy functional reads: 
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REAL FERRONEMATICS I N  EXTERNAL FIELDS 137 

Variation of 9 with respect to cp, I) andfyields the set of the equilibrium equations to 
determine the orientational and concentration distributions cp(z), +(z) andf(z) for given 
values of the electric and magnetic field-strengths. After transformations similar to 
those made for Equations (6)-(18), we arrive at the closed set of four equations: 

D/21= Q-’121(cp,,,), (34) 

pcos+-pp,sin+ =asin2(+-cp). (37) 

Here the integrals 1 and J are defined as follows: 

Q [&($,,,, cp,) - d (+ (t), t ) ]  + 4‘ ) }- ‘ I 2  dt, 

) ] - ‘jZ dt, 

and the parameter 4‘ = l € , l E 2 v / 8 n : ~ k ,  T is introduced to characterize the strength of 
the external electric field; for other parameters the notations of Sec. 1 hold. 

The optical response of the system to the applied fields obtained by substitution of 
Equation (36) into the integral (4) takes the form 

3.2 Orientation and concentration distributions inside the ferronematic 
cell. Comparison with the experiment 

The initial parts of the theoretical and experimental (taken from Ref. [ 4 ] )  curves 
S1l2(v2) at H = 1.5, 4.0, 5.0 Oe are presented in Figure 6; the global view of the 
dependence S (t) for H = 2 Oe is shown in Figure 7. The calculations have been carried 
out via formulae (34)-(38) in the single-constant approximation with the effective 
elasticity modulus K = K ,  = 6.37.10-’ dyn, as in Ref. [3 ] .  The concentration of 
single-domain grains f = 2.5-10-7 has been determined by comparison of the initial 
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138 S. V. BURYLOV 

0' 4 8 M 
FIGURE 6 Initial parts of the voltage dependences of the electric-induced birefringence for given field- 
strength H and cell thickness D.  The lines-calculations by Equations (34)-(38), the dots-experimental data 
by Ref. [3]; H = 1.5 Oe and D = 222 pm-(curve I and crosses), 4.0 Oe and 249 pm-(2 and black circles), 
5.0 Oe and 234pm-(3 and empty circles). 

theoretical and experimental values of 6 (v  = 0). Note that the total solid phase content 
given in Ref. [3,4] was 1.89010-~. 

Let us firstly consider the FN behavior in weak electric and magnetic fields. Solving 
Equations (34)-(37) under assumptions p q m  << 1 and [cp;<< 1, one gets the following 

2 4 6 8 1 0  

FIGURE 7 Voltage dependence of the electric-induced birefringence for magnetic field strength H = 2.0 
Oe and cell thickness D = 230 pm. The line-calculation by Equations (34k(38), the dots-experiment by Ref. [4]. 
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REAL FERRONEMATICS IN EXTERNAL FIELDS 139 

expressions for the orientation and concentration profiles 

f(z) =f[l + p’D’(1 + (/8A2)(1 - 12~’/0’)/481’]. 

Substitution of p(z) into the integral (38) gives the optical response in the form 

n (n, - no) D M s f H  leal E’D’ ’ ’ = [ 60Ali,,,, ’1 (r>’ (’ + 3 2 z K 3  ) ’ 
This expression, duly rescaled, has been used to describe the initial slopes of 6”’ (t’) . 

50 
a 

1 

6 

FIGURE 8 Orientation and concentration distributions in FN calculated by Equations (34)-(37) for 
H = 2.0 Oe and D = 230 pm. The electric voltage V is 3.7 V(curves I ) ,  4.0 V(2) ,  7.0 V(3), 11.0 V(4).  
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140 S. V. BURYLOV 

As the field-strength grows, the seggregation effect begins to play an important. part 
in formation of the equilibrium texture. With the increase of the magnetic field, the 
particles gather in the middle section of the cell intensifying the director tilt there. The 
applied electric field enhances this orientational deformation and also influence the 
particle distribution. These effects are illustrated by the curves in Figure 8 calculated 
with the aid of Equations (34)-(37). One sees that as v = E D  raise, the particle 
concentration in the centre of the cell begins to grow and reaches the maximum at 
pz 4 K Further on, when the electric field causes substantial deformations of the 
orientational texture, the opposite tendency steps in-ferroparticles leave the central 
part of the cell and accumulate in those regions, where the conditions m I n  and rn I( H p  
of their minimum energy are favored. Due to that the concentration profile of FN 
changes. In the centre of the cell the minimum of f(z) occurs and, instead of one 
maximum, two of them at equal distances from the middle, turn up-see curves 3 ,4  in 
Figure 8. Apparently, the particle re-distribution affects the orientational profile q ( z )  
and, hence, the birefringence 6. 

It is important to emphasize that the correct interpretation of the experiment is 
impossible if the seggregation effect is ignored. Having not taken it into account, the 
authors of Refs. [3,4] had been compelled to introduce (though lacking physical 
reasons) a strong dependence of the elastic modulus of the liquid-crystalline matrix 
upon the applied magnetic field strength. The direct attempt to fit the experimental 
points in the non-seggregation approximation has lead them to the following values (cf. 
the legend to Fig. 6) 

0 1.5 4.0 5.0 

Z?, ( H ) ,  [ x lO-’dyn] 6.4 5.8 5.1 4.8 

In fact, our consideration proves-see also Figures 7,8-that the assumed function 
r?, ( H )  is an artifact. The value of the elastic modulus K,, once modified by the presence 
of the solid admixture, does not need to be changed in any field, providing the 
seggregation is taken into account. 

CONCLUSIONS 

The above-presented theoretical review of the behavior of thermotropic FN demon- 
strates that the surface interactions on the liquid crystal-particle interface affect 
substantially the orientational, magnetic and optical properties of these media. The 
developed in Ref. [l] and herein model, that takes into account these interactions, is 
capable to provide a non-contradictory interpretation, previously absent, of the 
existing experimental data. As to the latter, however, on close inspection one becomes 
aware that there is a great need in the properly defined schemes to evaluate the material 
parameters of FN. The most essential ones of them are: the effective Frank moduli K ,  
the amplitude Wof the anchoring energy and the really achieved concentration f of 
single-domain magnetic grains. 

On the basis of our results the following way to determine the material parameters of 
FN may be proposed. 
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REAL FERRONEMATICS IN EXTERNAL FIELDS 141 

0 By the critical value of the potential difference q = $ D  of the Fredericksz 
transition in the electric field the effective moduli K ,  and K ,  are found. Indeed, as 
it is shown in Sec. 2, for the homeotropic texture of FN the value of E, depends 
solely on K ,  and for the planar one-only on K,. 

0 Concentration of the single-domain grains Tcould be deduced from the initial 
slope of the optical response 6’”((H), as it has been done with the curves of 
Figures 2,3. 

0 The values of the anchoring energy Wand the effective modulus K ,  could be 
evaluated by the critical field strength A, that corresponds to the magnetic 
Fredericksz transition in a strong bias field. 
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